ABSTRACT
INTRODUCTION
Large magnetic field-induced strains as large as 9.5% have been observed in nickel manganese gallium (Ni-Mn-Ga) martensites exposed to magnetic fields of 400 kA/m [6, 10, 17] . * Address all correspondence to this author.
Due to the field activation, the frequency response of Ni-MnGa alloys can be higher than that exhibited through thermal activation in shape memory alloys [3] . These properties are significant for actuator and sensor applications in emerging technological areas in which increasing performance demands dictate the need for transducer materials capable of large deformations simultaneously with broad frequency bandwidths.
As is the case with shape memory materials, the large deformations exhibited by Ni-Mn-Ga alloys originate in the pseudo-elasticity associated with the reorientation of martensitic twin variants. Unlike nickel titanium and other shape memory materials, in which the ability to do work stems from thermomechanical transformation between the martensite and austenite phases, the main actuation mechanism in Ni-MnGa takes place in the low temperature martensite phase and is driven by magnetic fields or mechanical stresses. Since in Ni-Mn-Ga magnetic fields and compressive stresses applied collinearly favor the same variant, an external force must be applied orthogonal to the applied field to restore the twin variants and thus obtain bidirectional deformations. In applications, this is often done by placing a rectangular sample in an electromagnet with the magnetic field applied along the [110] crystallographic direction and a bias compressive stress applied along [001] [18] . This configuration is shown in Fig. 1 .
We previously established that large reversible strains of −0.41% are possible in Ni 50 Mn 28.7 Ga 21.3 exposed to alternating magnetic fields along the [001] direction of the parent austenite phase and no external restoring force [2, 8] . The unexpected result suggests the presence of pinning sites or point defects in the alloy which act as localized energy potentials that oppose twin boundary motion and provide an otherwise nonexisting restoring force when the magnetic field is removed. The presence of pinning sites also explains the reduced deformations relative to alloys capable of over 6% strain, in which twin boundary motion is largely unimpeded. The paper is focused on the development of a thermodynamic model for twin boundary reorientation in the presence of pinning sites. The model provides an additional component to the current description of the strain mechanism in Ni-Mn-Ga and lays the groundwork for future work on implementation and control of solenoid Ni-Mn-Ga transducers like that shown in Fig. 2 . Because solenoid transducers can be designed around a closed magnetic circuit, they can potentially offer higher efficiency and enhanced frequency bandwidth relative to their electromagnet counterparts. These enhanced properties can possibly offset the reduced deformations produced by the Ni-Mn-Ga element in this configuration.
The paper starts with a discussion of the strain mechanism in Ni-Mn-Ga for materials without and with twin boundary impediment by pinning sites. The model, which is presented thereafter, comprises two main components. The first component employs a Gibbs energy function and corresponding energy minimization procedure to quantify twin boundary motion in the presence of an orthogonal pair formed by a uniaxial magnetic field and internal bias stresses associated with pinning sites. The model is formulated by considering the Zeeman, elastic and pinning energies. This approach, implemented by the authors in a previous paper, [2] constitutes an extension of work by Kiefer and Lagoudas [5] . The resulting constitutive relations quantify the local average strain for single crystal materials and does not account for the variability in the density and strength of the pinning sites throughout the material. This variability is addressed in this paper by considering stochastic homogenization techniques that are constructed on the assumption that local coercive fields and pinning energies are manifestations of underlying distributions. This approach has been developed by Smith et al. for ferroelectric materials, ferromagnetic materials and shape memory alloys [13] [14] [15] [16] . Model parameters were obtained from experimental data; a comparison between model results and measurements is subsequently presented.
STRAIN MECHANISMS
The strain mechanism for Ni-Mn-Ga is well established in the literature [7, 12, 19] . As Ni-Mn-Ga cools from the high temperature austenite phase to the low temperature martensite phase, a self-accommodating twinned structure results due to the minimization of the strain energy generated from the mismatch between the cubic and tetragonal lattices. A simplified two-dimensional representation of this twinned structure is shown in Fig. 3 . At zero field the material consists of two perpendicular variants, described by the volume fraction ξ, which are separated by a twin boundary as illustrated in panel (a). Each variant consists of several distinct magnetic domains which are divided by 180 • walls. The magnetic domain volume fraction is denoted α. At small transverse fields H on the order of ∼8 kA/m, all of the magnetization vectors remain aligned with the magnetically easy, short c-axis of each variant and the magnetic domains disappear as shown in panel (b). Since we are interested in the behaviors at medium to large fields, α = 1 is assumed.
As a transverse field is applied, the variants favored by the field will increase in size through twin reorientation. Alloys in the Ni-Mn-Ga system have large magnetic anisotropy energies compared to the energy necessary to reorient the unit cells at the twin boundary. Thus, as the applied magnetic field attracts the unit cell magnetization vectors towards it, the unit cells along the twin boundary will switch orientation such that their c-axis is more closely aligned with the field. This results in the growth of favorable variants at the expense of unfavorable ones through twin boundary motion and the overall axial lengthening of the lattice, as depicted in panel (c). As the field is increased to the point where no further twin boundary motion is possible and the field energy overcomes the magnetic anisotropy energy, the local magnetization vectors break away from the c-axis and align with the field. This results in magnetic saturation as shown in panel (d). When the field is removed, as in panel (e), the magnetic anisotropy energy will restore the local magnetization to the c-axis of the unit cells. Since both variants are equally favorable from an energy standpoint, [11] there is no restoring force to drive the unit cell reorientation and the size of the sample will not change upon removal of the field. Twin boundary motion and reversible strain can be induced by applying an axial field, axial compressive stress, or a transverse tensile stress, all of which favor the variant with the short c-axis aligned with the axial direction as shown in panel (f). We propose a modification to the mechanism described in Fig. 3 to include the presence of pinning sites in the martensite which provide an internal restoring force allowing for reversible strain. The pinning sites, which physically are point defects, small regions of a second phase material, dislocations, compositional gradients, or residual stresses, can have varying pinning energies. [9] The reversibility of the deformations under no external restoring forces suggests that in our Ni 50 Mn 28.7 Ga 21.3 sample the twin boundaries are pinned at point locations -represented by black dots in Fig. 4 -which have energies too large to be overcome by the field. When exposed to axial magnetic fields, the twin boundaries attempt to displace according to the standard mechanisms for twin variant reorientation, as in panels (b)-(c), but the field does not provide enough energy to overcome the energy barrier provided by the pinning sites. Instead, the twin boundaries displace as much as possible and as they do work against the pinning sites, energy is dissipated. Saturation is achieved when the field en- ergy is large enough to overcome the anisotropy energy and the magnetic moments align with the field without changing the orientation of the crystal, as shown in panel (d) . When the field is removed (panel (e)) the anisotropy energy returns the magnetic moments to the easy c-axis of the crystal and the pinning site energy provides a restoring mechanism for the twin boundary, returning the sample to its original length and magnetization. This theory provides an explanation for the smaller magnitude of strain possible from this sample and for the fact that the strain measured in the absence of an external restoring force is reversible.
MODEL Free Energy Formulation
To model the strain produced by Ni-Mn-Ga driven by collinear magnetic fields and stresses, a thermodynamics approach similar to that presented by Kiefer and Lagoudas [5] is considered. An additional term due to internal orthogonal stresses has been included in the Gibbs energy function which quantifies the restoring force found in our experiments [2] . For simplicity, we assume that the structure comprises two variant orientations described by the two-dimensional representation shown in Fig. 5 . Variant 2 is that which is favored by an axially applied field in the y-direction and has a volume fraction of ξ. Variant 1 is the transverse variant with magnetization vectors oriented in the c-axis and a volume fraction of (1 − ξ).
The material described in Fig. 5 can thus be treated as a mixture of variants. The energy for this system is given by
where G Vi is the energy of the i-th variant and G bound is the energy of the boundary between the two variants. In order to write expressions for G Vi , it is assumed that (a) the system is isothermal and (b) the fields are large enough to ensure that the effects of the magnetic domains can be ignored. In this case the expression for the energy of each variant simplifies to the standard expression for Gibbs free energy [1, 13] 
where ψ is the Helmholtz energy, σ is the applied stress, S is the mechanical compliance, M is the magnetization, H is the applied field, ρ is the density, and µ 0 is the permeability of free space. Thus, the Gibbs free energy of each variant is equal to the Helmholtz energy minus the elastic and Zeeman energies. The energy of the twin boundary stems from two sources. The first is the energy necessary to rotate a unit cell, which can be expressed as work done to overcome a force. The second is the energy of the pinning sites, which can be modeled as that of a mechanical spring. Thus the boundary energy term has the form
where k is the effective spring constant of the pinning sites, c is the force associated with cell reorientation and the two branches of the function occur because the behavior of the material is not the same when the field is increasing and variant 1 is growing as it is when the field is decreasing and variant 1 is shrinking. It is noted that this expression has the same form as the hardening function employed by Keifer and Lagoudas [5] on the basis of shape memory arguments. For the solenoid transducer shown in Fig. 2 , both the applied stress and applied field are in the axial direction. Using the geometry specified in Fig. 5 , substitution of (2) and (3) into (1) yields
where the ∆ operator refers to the difference between the two variants and ∆ψ = 0 since the Helmholtz energies of the two variants are identical. Having now derived an expression for the free energy, expressions for various thermodynamic quantities can be developed. The particular relation of interest comes about through the Clausius-Duhem version of the second law of thermodynamics, which states that
where π ξ = ±Y ξ is the condition for the onset of twin variant motion and ε s is the saturation strain. Differentiation of (4) and substitution into (5) yields the force balance
for the respective cases {ξ > 0} and {ξ < 0}. Expression (6) can then be solved for the volume fraction,
which is dependent on the applied field H y and axial stress σ y . Here, A 1 = 1/(2ρk 1 ) and A 2 = 1/(2ρk 2 ). To facilitate the implementation, expression (7) is rewritten as
for the respective cases {Ḣ > 0 and ξ < ξ s }, {ξ > ξ s } and {Ḣ < 0 and ξ < ξ s }. The strain is related to the volume fraction by
with ε th the maximum theoretical strain which would occur if a single boundary swept through the entire material, thus producing a change in ξ from 0 to 1. Hence, for the case where the twin boundaries are restrained by pinning sites, ξ will be limited to a much smaller range. Parameters that need to be identified in this model include k 1 , k 2 , ε s , ∆S yy , M s , c 1 , c 2 , and Y ξ . Details regarding the numerical implementation of model (8)- (9) and the identification of model parameters can be found in Faidley at al [2] .
Stochastic Homogenization
Relation (8) provides a model for the strain generated by single crystal Ni-Mn-Ga with its twin boundaries partially restrained by pinning sites, exposed to collinear magnetic fields and external stresses. The limitations of the model and a sensitivity analysis relating model accuracy with parameter selection were discussed by Faidley et al [2] . The most critical sources of error in this model include:
(i) The sample is assumed to consist of only two variants with a single boundary. In reality, however, Ni-Mn-Ga has many twin variants though only two distinct orientations. This implies that a sample will have numerous twin boundaries and thus numerous pinning sites.
(ii) The pinning sites are assumed to be homogeneously distributed throughout the material and every pinning site has the same energy. As discussed by Marioni [9] , in a physical material the pinning energies vary over a large range which translates into a variation of the slopes k 1 and k 2 . The energy of each site depends on whether the site originates from dislocations, microstructural defects, retained austenite or other factors. Furthermore, the strength of each site may depend on the direction of motion of the twin boundary, effectively providing a source of anisotropy. (iii) The field is assumed to be uniform throughout the sample. However, due to short-range interactions the magnetic field in Ni-Mn-Ga can be considered to behave locally in a fashion similar to the Weiss mean field [4] . Thus, the magnitude of the field at a given point in the material is not equal to the applied field but rather, is given by an effective field which is dependent on the applied field and the magnetization, H e = H +H i = H +αM. The mean field constant α varies from point to point in the material due to differences in the lattice structure.
Limiting factors (i)-(iii) are addressed in this paper by considering stochastic homogenization in the sense of Smith [13] . This approach has proven effective in the modeling of polarization hysteresis in the presence of thermal activation and stresses in ferroelectric materials, ferromagnetic materials, and shape memory alloys. Special features of the model include its ability to address reversible and irreversible behaviors, biased and unbiased minor loop regimes including accommodation effects, and relaxation phenomena [14, 15] . The effects of polycrystallinity, material nonhomogeneities, inclusions, textures and variable interaction fields are incorporated in the Smith model for ferromagnetic materials by assuming that the local coercive field H c and interaction field H i are stochastically distributed with respective densities ν 1 and ν 2 , which are chosen to satisfy specific decay criteria. The resulting macroscopic magnetization model is given by (10) where the local average magnetization or kernel M quantifies the hysteresis at the lattice level and yields macroscopic models only for homogeneous materials with negligible interaction fields, that is when the effective field H e = H +H i is simply the applied field H. In the absence of thermal activation, M has the form (employing Preisach notation)
for the respective cases {τ(t) = / 0}, {τ(t) = / 0 and H(max τ(t)) = −H c }, {τ(t) = / 0 and H(max τ(t)) = H c }. In this expression,
denotes the coercive field and
denotes transition points. The initial moment orientation has the form
The local magnetization M given by (11) is shown versus magnetic field in Fig. 6 ; comparison between macroscopic magnetization results given by (10) and experimental data is shown in Fig. 7 . As detailed in [13] , model equations (10)- (11) can be interpreted as providing an energy basis for certain extended Preisach models, with the kernel M derived through thermodynamic considerations providing the Preisach hysterons and the stochastic densities providing the Preisach weights. However, the similarities between the Smith model and the Preisach model are formal rather than conceptual, for several crucial differences between the two formulations can be established. First, the Smith model is posed through thermodynamic arguments constructed at the lattice level involving parameters that (10). [14] can be physically correlated with properties of the experimental measurements. Due to the thermodynamic origin, in the Smith model stress and temperature dependencies are incorporated in the kernel rather than the weights as is the case with the Preisach model. The model automatically incorporates these effects without the need for vector-valued weights. This implies that only one set of parameters needs to be identified and no switching between parameter sets is required during realtime operation of the model, thus significantly improving the computational speed relative to the Preisach model. Unlike the Preisach model, the Smith model accommodates noncongruency of the magnetization as observed for certain materials and operating regimes.
The strain model for ferromagnetic shape memory materials presented in this paper builds on the Smith model for hysteresis of ferroic materials but differs from it in the following aspects. (i) Kernel (8) , which characterizes the martensitic volume fraction, was developed by considering the reorientation of twin variants in martensitic structures and therefore reflects energy functionals which are different from those found in polarization models. While certain commonality can be established between the proposed model and previous polarization models -e.g., in regard to double-well energy potentials -the difference between kernels is rooted in the physical differences between ferromagnetic shape memory and magnetostriction, which were outlined by O'Handley [12] . (ii) In this paper the stochastic homogenization is performed relative to the interaction field H i and the pinning energy k 2 . This implies that suitable distributions to accommodate these effects can be potentially different than those employed for interaction and coercive fields in [15] . Notwithstanding, for the sake of simplicity, in this paper we attempt to exploit certain commonalities between the phenomenological behaviors observed in both models. Namely, for the interaction field we consider a normal distribution centered at H i = 0, as in the Smith model, and for the pinning sites we consider a log-normal distribution similar to that employed by Smith for coercive fields.
The model thus has the form
(12) where ν 1 and ν 2 are appropriately chosen distributions andξ is given by expression (8) . Since the Weiss interaction field is known to have both positive and negative values, one possible distribution is
which is a normal distribution centered at H i = 0, as shown in Figure 8 (a). The pinning site energies were incorporated into the energy equations as effective mechanical springs. Thus, the values for k 2 will never be negative. To meet this criterion the distribution over k 2 is chosen to be log-normal, as shown in Figure 8 (b), and is given by
The effect of this distribution on the slopes of the hysteresis kernels is shown in Figure 8 ing electrical discharge machining (EDM). The experiments were conducted with a collinear magnetic field-stress pair in the solenoid transducer shown in Figure 9 , which consists of a water-cooled solenoid, pickup coil, and magnetic steel components integrated to form a closed magnetic circuit. The solenoid consists of 1350 turns of AWG 15 magnet wire and has a field rating of 167 Oe/A. Interspersed within the solenoid lies a 0.25 in-diameter copper coil which provides temperature control within ±1 o F by means of water flow at a rate of up to 6.35 L/min. The solenoid was driven by two Techron 7790 4kW amplifiers arranged in series with an overall voltage gain of 60 and a maximum output current of 56 A at the nominal solenoid resistance of 3.7 Ω. The magnetic induction was measured with a pickup coil made from AWG 33 insulated copper wire wound in two layers around an aluminum spool. The strain was measured by means of a Lucas Shaevitz MHR-025 linear variable differential transducer (LVDT). Several Omega thermocouples were used to monitor the system temperature through a 10-channel Omega signal conditioner. The system is controlled by a DataPhysics data acquisition system interfaced through a PC. Figure 10 shows a comparison of strain data and model results. The Ni 50 Mn 28.7 Ga 21.3 was activated by a sinusoidal magnetic field with an amplitude of 700 kA/m and a frequency of 0.1 Hz. The stress loading was σ P = −0.0125 MPa. For clarity, only the half of the butterfly curve corresponding to positive fields is shown -the curve is symmetrical with respect to the abscissa. The maximum strain is −0.41%, which is compressive in agreement with the orientation of the applied field. Double integral (12) was implemented by means of a composite four-point Gaussian quadrature routine over twenty six intervals in both H i and k 2 . The values of the model parameters employed to obtain these simulations are shown in Table 1 . The results highlight the accuracy of the model and, due to the low order and minimal computational cost, its potential for implementation in real-time applications involving Ni-Mn-Ga transducers. 
RESULTS

CONCLUDING REMARKS
This paper presents a model for the strain produced by NiMn-Ga alloys subjected to magnetic fields and stresses aligned along the [001] axis of the parent austenitic phase. This is an unusual configuration which was implemented in this paper through a solenoid transducer featuring a closed magnetic circuit. Due to the reduced demagnetization effects and reduced eddy current losses of this architecture relative to electromagnet designs, it can can potentially lead to faster and more energy efficient Ni-Mn-Ga actuators and sensors. The paper builds on a previous thermodynamic framework which incorporates several reversible and irreversible effects in the polarization of ferroic materials. The switching between two variant orientations in the presence of magnetic fields (Zeeman energy) and pinning sites (pinning energy) is formulated through a Gibbs energy functional for the crystal lattice. Assumptions at this stage include that the alloy consists of only two variants with pinning sites and magnetic fields homogeneously distributed throughout the material. The presence of nonhomogeneous local interaction fields, nonhomogeneous pinning sites and complex crystallographic features in real Ni-Mn-Ga alloys is addressed through stochastic homogenization techniques. Attributes of the model are illustrated through comparison of model results with experimental measurements collected from a Ni 50 Mn 28.7 Ga 21.3 sample.
